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Let k be an algebraically closed field of characteristic p > 0. Let X be an 
irreducible nonsingular projective curve over k. Let G be a finite group of 
automorphisms of X. We denote the quotient under the action of G by Y 
and let 7~: X+ Y be the quotient morphism. We want to consider situations 
in which G is isomorphic to a subgroup G1 of the automorphism group of 
Pi, where P: denotes the projective line over k. We will show that there 
exist finite morphisms .f: X + P:, g: Y-t P: such that the following 
diagram commutes 
with x1 the quotient morphism for G,. 
The nature of the above statement allows us to state and prove the result 
in terms of the associated function fields. We recall that the automorphism 
group of the rational function field k(x) is PGL(2, k) with each element 
acting as a linear fractional transformation. So our result is as follows. 
THEOREM. Let K be an algebraic function field in one variable over k. Let 
L/K be a finite Galois extension with $1 Gal(L/K) + G an isomorphism of 
the Galois group onto a subgroup G of PGL(2, k). Then L contains an 
element x such that each CT E Gal(L/K) restricts to an automorphism of k(x) 
with c Ikrxj = ti/(a). 
Before proving the theorem we recall what the finite subgroups of 
PCL(2, k) are. 
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PROPOSITION [3]. PGL(2, k) has the following types offinite subgroups: 
(1) cyclic groups of order relatively prime to p; 
(2) elementary abelicm p-groups; 
(3) dihedral groups D, of order 2n with n relatively prime to p; 
(4) the aZternating roups A, and A,; 
(5) the symmetric group S4, ifp # 2; 
(6) semidirect products of elementary abelian p-groups of order pf and 
clic groups of order n with f arbitrary and n / pf- 1; 
(7) PSL(2, p’) and PGL(5 p’), f arbitrary. 
We now prove the theorem, 
Proof We start with the standard exact sequence 
1 -+ Z -+ GL(2, k) + PCL(5 k) -+ 1, (1) 
where Z is the center of GL(2, k). Since k is algebraically ciosed, the Schur 
multiplier H2(G, k*) is linite. So we can find a finite subgroup H of 
GL(2, k) so that restricting (1) we get the exact sequence 
where Z H = 2 n H is a finite abelian group. (See Section 25 of [ 11.) 
Let ~+4 = rl/ -‘. We would like to imbed L in a finite Galois extension M/K 
so that there is an isomorphism A: H -+ Gal(M/K) which maps ZH onto 
Gal(M/L) and induces in a natural way the given isomorphism 
4: G -+ Gal(L/K). Such im~dding problems were considered by Iwasawa 
[2]. He showed that every such problem has a solution. (See Section 2.5 of 
[2].) So we fix an A4 satisfying the conditions described above. 
Under the isomorphism A, A4 may be considered as a right KH-module. 
Now suppose h4 contains a kH-module S which is 2-dimensional over k 
and such that the action of H on S is isomorphic to the natural action of H 
on k*. This means we can find a k-basis {a, fi) of S such that if 
h = [; 5;] E H, then al(h) = aa + bjI and b,?(h) = ca + dj?. If we set x= E/P, 
then 
aor+bfi ax+b 
xl(h) = - = -. 
ca+dfi cx+d (2) 
So each element of Gal(M/K) restricts o an automorphism of k(x), If 
hEZH, then h is a scalar matrix, so xl(h)= x. Hence x is in the fixed 
field of A(.Z,) = Gal(M/L), which is L. If D E Gal(L/K) and he H with 
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I(h) ) L = cr, then by (2) XC =x/l(h) =x6(h). But by the compatibility of1 
and 4, we have 0=1(h) lL=&6(h))= I,~ ‘(6(h)), or Il/(a)=&h). So 
XC = x$(cr). Thus CJ jkCr, = $(o). So x satisfies the requirements of the 
theorem. Hence the proof will be complete if in M we can find a 
M-module S as described above. 
By the normal basis theorem, M is isomorphic to KH as a KH-module 
and of course KH E K Ok kH. So it suffices to look for S inside kH. We 
will show that for each G of the proposition, kH contains the desired S. 
First we note that A, is a semidirect product of an elementary abelian 
group of order 4 and a cyclic group of order 3, so for p = 2, A, will be con- 
sidered to be of type (6) of the proposition. With this convention, we 
observe that if G is of type (3) (4) (5) or (7), then the natural action of H 
on k2 will be irreducible. It is a basic fact of the theory of group algebras 
that every irreducible kH-module is isomorphic to some submodule of kH. 
Hence we are assured of the existence of the desired S in these cases. 
If G is a cyclic group of order relatively prime to p, then H may be taken 
to be isomorphic to G with the action of H on k2 being the direct sum of a 
faithful l-dimensional representation f H and the trivial -dimensional 
representation fH. Again the theory of group algebras ensures that kH 
contains a submodule S isomorphic to this direct sum. 
So it only remains to consider cases where G is of type (2) or (6). Then 
H may be taken to be isomorphic to G. Abstractly, H may be specified as
follows. Let < be a primitive nth root of unity of k. (For G of type (2) we 
take n = 1.) Let A be an additive subgroup of k of order p’; which is 
invariant under multiplication by [. Let T be a cyclic group of order n with 
generator t. Then H is isomorphic to A x T where tat ’ = ia for all a E A. 
The action of H on k2 may be taken to be isomorphic to the 2-dimensional 
representation ofA x T specified by
1 a 
a-+ 0 1 i 1 
for all a E A 
So we want to find a submodule S of the group algebra of A x T which 
affords the above representation. (Since the elements of A are also elements 
of k, in what follows we use a. to indicate scalar multiplication f an 
element of the group algebra by an element of k. The group operation of A 
will be denoted by + .) We define lements tl and a of the group algebra of 
A x T as follows: 
n- 1 II I 
cI= C 1 ([~~‘a).at’, /? = - C C at’. 
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Clearly p is fixed under multiplication by a group element of A x1 T. For C( 
we have 
n-1 
at= 1 c ((-‘a).&‘+‘= c “r’ (~(~-“+“~)).~~J+‘=~.~ 
(IEd J=o asd j=O 
and for any a, E A 
n-1 
aa0 = C 1 (i-‘a) .at-‘a, 
UEA J-o 
n-1 
= a;A ,go (i-‘a) (a + i’ao) f’ 
n-l 
= aFA j;. (l -ju + uo -a,). (a + i’ao) t’ 
n-1 n-1 
= c c (~-‘(u+~‘u,)).(u+~‘u,)f’-~,~ c c (Ui-TiUo)f’ 
utA i=O osA j=O 
=a+aop. 
Thus if we let S be the k-submodule of the group algebra of A x1 T 
generated by a and /I, then the representation of A M T afforded by S is as 
desired. This completes the proof of the theorem. 
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